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Abstract

The constitutive laws of elasto-plasticity with internal variables are described through the definition of suitable
dual potentials, which include various hardening models. A family of variational principles for inelastic problems is
obtained using convex analysis tools. The structural problem is analysed using the complementary energy (Prager—
Hodge) functional. The functional is regularised introducing an Augmented Lagrangian Regularisation for the
indicator function of the elastic domain so that a smooth optimisation problem is obtained. In the numerical
solution the discretised problem is reformulated in a finite step form using a fully implicit integration scheme and
the functional is redefined in the space of the self-equilibrated nodal stresses, after enforcing satisfaction of the
equilibrium equations in a weak form. Numerical tests have shown good performance on the part of the algorithm,
which approaches the converged solution for a considerably smaller number of elements as compared with other
algorithms. The method is equally available for perfect or hardening plasticity. © 2000 Elsevier Science Ltd. All
rights reserved.
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1. Introduction

Mixed methods have gained growing interest in computational literature, especially in the field of
solid mechanics. They allow locking phenomena to be avoided (Olson, 1983), they offer better
performance with distorted elements and guarantee faster convergence rates (Berkovic and Mijuca,
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1998). One of the main advantages of mixed formulations is therefore the possibility of using coarse
meshes and low-order elements with a consequent reduction in computational effort.

After the pioneering work of Pian on assumed stress distributions (Pian and Sumihara, 1984), a major
improvement was achieved following recognition of the equivalence of stress models to assumed
displacement models (Simo and Rifai, 1990). Recent developments have extended the method to non-
linear problems (Weissmann, 1992; Weissman and Jamjian, 1993). These methods are based on the idea
of deriving interpolations for the stress components that satisfy a priori the homogeneous part of the
equilibrium equations. Simo et al. (1989) developed a method of analysis based on a mixed functional
on the stresses, internal forces, plastic multipliers and displacements evaluated at the end of the load
step, whose variation yields the equilibrium equations and the consistent return algorithm for evaluation
of the stresses. The implementation of the algorithm given by the authors is not suitable for perfect
plasticity.

The main goal of the present work is to develop a method for the incremental analysis of elastic-
plastic structures based on the complementary energy functional. Stress-based formulations have
sometimes been used in limit analysis, but are not commonly employed for incremental analyses. It
seems, however, that the formulation presents several computational advantages. First of all, the
problem is set in the linear space of stress components, which is only required to be a subset of L7
moreover, stress components are bounded functions, whereas displacement components are generally
not (actually, in the case of perfect plasticity they belong to the space of bounded deformations). Non-
uniqueness of the displacement field is therefore not a problem for stress-based formulations, and this is
very useful in the analysis of structures with vanishing tension (masonry-like materials) or compression
(cable structure) resistance. In these cases, indeed, it is possible for undefined displacements to occur in
those parts of the structure where zero stresses are present, while the remaining part of the structure is
still able to take increments in load.

The method proposed here differs from those mentioned previously inasmuch as only discretised
stresses are used as unknowns. The equilibrium equations are enforced by reformulating the problem in
the space of the self-stresses, satisfying a priori the non-homogeneous part of the equilibrium equations.
Stresses are therefore continuous across elements and are evaluated directly at nodes, avoiding
projection procedures.

In order to obtain the relevant variational formulation of the problem, the elastic-plastic constitutive
equations have been stated in terms of dual (convex) potentials and a family of variational principles
has been derived embedding the plastic constraint in the stress potential. In the paper only small
deformations are considered. The equilibrium conditions have been enforced in a weak sense starting
from the generalised Hellinger—Reissner principle. The complementary energy functional thus obtained
is non-regular due to the presence of the indicator function of the yield condition. An original method
of regularisation is proposed, based on Augmented Lagrangian techniques, that have proved to be
highly efficient in unilateral problems (Cuomo and Ventura, 1998).

The main purposes of the work, therefore, can be summarised as follows:

e to present a variational formulation of plastic constitutive models in the context of internal variables,
using the tools of convex analysis; the plastic flow rule follows directly from Prager’s consistency
condition;

e to derive a generalisation of variational principles for the case examined;

e to apply consistent Augmented Lagrangian Regularisation procedures to obtain smooth saddle point
problems;

e to implement a numerical algorithm based on stress interpolations and on reduction of the unknowns
to the elements of the kernel of the equilibrium operator.

An outline of the paper follows. The elastic-plastic constitutive equations, including some forms of
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hardening models, are derived in section 2. In section 3 variational principles for rate and finite-step
formulations are given and the structural problem is defined. The regularisation technique is also
illustrated. The finite-element discretisation of the complementary variational formulation is described in
section 4 and the numerical procedure in section 5. In section 6 the numerical efficiency of the method is
illustrated through a classical example and comparisons are made with other methods. Section 7 ends
the paper with some considerations.

2. Elastic—plastic constitutive model
2.1. State variables
Let us consider a solid occupying a region B < #° and let 0B, and 9B, be the loaded and restrained

parts of its boundary. The process is ruled by the following state variables, belonging to dual linear
vector spaces:

u e U displacements fe U’ external forces
¢ € D strains o € D’ stresses
o € I kinematic internal variables y € I' thermodynamic forces

The internal variables are associated with the distortion mechanisms of the microstructure. It is
assumed that no interaction occurs between macro and micro deformations.

For the sake of convenience the external forces f will be split into b (external forces defined in internal
points of B), ¢ (surface traction defined on 0B;) and r (surface traction defined on 9B,). The
displacements in BU 3B, will be denoted with u«, while & will indicate the displacements imposed on 9B,

In the following equations a dot will denote time differentiation. In the linear framework the velocity
of deformations is thus simply &.

The external and internal virtual power are given by the duality pairing between dual variables:

Pe:(f,a):(b,u)0+(q,i:);,Bq-i-(r’ﬁ)aBu:JbudB—}—J quds—}—J rids VueU, Ve U’
B B, 3B,

Pi:(a,é>:J c¢dB VYée D, VYoeD’
B

0:(}(,&):de€13 Voel Vyel (1)
B

where (,)o is the inner product in L? and (,),5 is the duality pairing between trace spaces. The product
between local variables is the appropriate scalar product.

The hypothesis of infinitesimal deformation implies additivity of the reversible and irreversible parts
of strains and kinematic internal variables, denoted with the indexes ‘¢’ and ‘p’, respectively:

e=¢+¢
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o =0 +ap =0.

The latter equality stems from the fulfilment of (1) for every volume element.
The structural problem is defined by the following set of equations:

1. compatibility equations Cu=¢g;
2. equilibrium equations C'ag=/.

C:U— D and C":D’ — U’ are (linear) adjoint compatibility and equilibrium operators.
3. Constitutive equations that describe the reversible and irreversible behaviour.

2.2. Reversible behaviour

Let F(e, o, T') be the Helmoltz specific free energy functional. According to the generalised standard
material hypothesis of Halphen and Nguyen (1975), it is assumed that locally F is given by the sum of
two lower semicontinuous convex potentials, depending, respectively, on the elastic deformations ¢, and
on the internal variables o, only, i.e.

F(gea O{ea T) - (P(Sea T) + n(aeﬁ T)

where ¢ is the elastic potential and 7 is the hardening potential. They are in general non-differentiable
and accordingly the generalised elastic relations are given by:

{ cedp(e) . {Se € d¢'(0) )
¥ € 0m(oe)’ 0. € 07'(y)

In (2) ¢ and =’ are the conjugate potentials in Fenchel’s sense (Rockafellar, 1970):

¢'(0) = sup[oee — p(e)]  7'(x) = sup[yoe — m(oce].

€D el

2.3. Irreversible behaviour

The evolution of an irreversible process is governed by the maximum entropy principle. In the present
case it leads to the Clausius—Duhem inequality

, o1
o + yop — ?VThZO

where T is the temperature and h the heat flux. The dissipated power D, which is given by the sum of
the power dissipated in the plastic deformation and the power dissipated as heat, is accordingly:

. ) . 1
D(ép, 0, T) = ( suph)|:asp + xop — ?VTh]
o, %

In the following paragraphs isothermal processes are considered, so the dependence on the variable 4
vanishes.

It is assumed that the functional D is a potential with the properties of being convex, proper, lower
semicontinuous, positively homogeneous, and such that:
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D0, 0)=0

D(ép, 0p):D x I=R, R = RU {400}, { D(&y, 0p) >0 V(ép, 0p) € D x I

This hypothesis leads to an associated constitutive law based on the existence of an elastic domain (Eve
et al., 1990). Denoting by K the set
K={(0, ) € D' x I":08p + 1oy <D(ép, bp) V(ép, 0p) € D x I}
it results that:
1. D is the support function of K, i.e.

D(ép, ap) =supp K= sup [o&p + 0]
(0, ) eK

2. K is given by the subdifferential of D at the origin:
K =09D(0, 0). 3)
Indeed, by definition of subdifferential, it is:

(o, 0) €D x1" .-
dD(ép, op) = a(ép — &) + 2(%p — &p) < D(&p, o) — D(&p, %p) 4
V(ép, op) € D x I

Writing (4) for &, = &, =0 the definition of K is recovered. Since from (3) the elements of K are
conjugated to a plastic deformation equal to zero, it can immediately be concluded that
3. K is the elastic domain.

It is possible, through a Legendre transformation, to obtain the conjugate potential of D

D'(a, y) = sup [0&, + ybp — D(ép, 0p)] = ind K(a, x) 5)

(&p, 0p)
so that the conjugate variables (o, x) and (&, &) are related by Fenchel’s equality
D(&p, 0p) + D' (0, x) = 0y + 20
which implies:
(0, ) € 0 supp K(&p, ap) < (&p, tp) € 9 ind K(a, y). 6)
Eq. (6) is a generalisation of the normality rule of classical plasticity.
Irreversible behaviour can therefore be described by defining the dissipation functional or its

conjugate. In the latter case the elastic domain can be specified by means of a convex yield function g
such that

K ={(a, y):g(a, x) <0}

and the flow rule becomes:
(éps 0p) € NP =9 ind K = 3 ind R_[g(0, 1)]0g(a, ) = 29g(a, 1)

where N{Z*) is the outward normal cone of K at the point (g, ) defined as:
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N7 = (s 3):6(6 — 0) + (7 = ) <0, V(3. ) € K)

and R_[g(o, y)] is the set of non positive real values taken by g. The term 9 ind R_[g(o, )] is equal to
a non negative scalar A such that:

A=0 if g(o, ) <0
220 if g(o, z) =0. ™)
Eqgs. (7) are equivalent to the Kuhn—Tucker conditions:

A>0, g<0, JAg=0.

2.4. Rate elastic-plastic relations

Introducing the tangent elastic and hardening potentials, the rates of the stresses and thermodynamic
forces are given by:

G € 0;. ' (e, Ec)
j( € as‘ccnt(aea d‘e)'

If ¢(e) e n(a.) are twice Gateaux differentiable at any point, the tangent potentials coincide with the
quadratic forms associated with the Hessian of the elastic potentials:

. 1 .
(e, &) = EViQD(Se)SeSe

1
(tle, Gle) = zvicn(ae)d‘ed@ (3)

The rate form of the inelastic constitutive relation derives from the consistency condition whose
generalisation in the present framework is (Romano et al., 1993):

@ 1) eTg” ©)
where Ty is the tangent cone of the admissible stresses at the point (o, y) defined as
T¢ 7" = {(6(2), 1(0):68p + 7o, <0 Y(ip, &) € N V) (10)

and the time derivatives in (9) must be understood as right derivatives, i.e.

. (da) . (d)()
g = _— = _
de At— 0t * dz At—0t

since the functions o(¢), x(¢) are first-order discontinuous when the stress point reaches the boundary of
K. Eq. (10) is satisfied for any (g, j) if Nx(o, x)={0}, that is, if (o, y)e int K. If (g, y) lies on the
boundary of K, (9) requires that the stress rate be internal to the tangent cone to K (Fig. 1).

The loading-unloading condition requires that
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62 'y NK

Tx

Fig. 1. Tangent cone to the admissible set K.

(ép> &) € 3lind T Y, 7) (11)

that is, plastic deformations can develop only if (¢, %) lies on the boundary of Tk.
It is easy to show that

9 ind T (6, ) S N ¥ (12)

the equality holding at the origin (a, y) = (0, 0). Therefore consistency implies a more stringent
condition on the flow rule.
For an admissible (¢, ) we have:

3 ind T\ ¥ = {(ép, bp):ép0 + bpy = p0 + Spy — ind T (6, 7) V(G, 7)€ D' x 1"}
that is, for the actual plastic deformation rates the following equality holds:
by 4+ Spy =supp TP =ind TS (6,7 € TP, (13)

Eqgs. (9) and (13) require that the dual variables (¢, ¥) — (&, &), belonging to polar cones, be related by
an unilateral relationship, sketched in Fig. 2 in the uniaxial case. From the monotonicity of this relation
it follows that ind T'¥¢*) and supp T\¢**’ are conjugated potential functions:

G

v

Fig. 2. Unilateral relationship between stress rate and plastic deformation rate.
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Viep, dp) = supp T P(ép, ) V(6 7) = ind T (6, ) (14)
so that

(6, 7) € dlsupp T 1(ép, &p)
and Fenchel’s inequality yields:

V(ey, op) + V(6. 1) <68y + 10p. (15)

If the pairs (¢, y) — (¢, op) are conjugated the previous equation holds as an equality. It is a
generalisation for non differentiable yield functions of Druker’s inequality, stating that in the case of
plasticity without internal variables including hardening effects

Gip>0. (16)

The equality sign in (16) applies in perfect plasticity.
In the present formulation Eq. (16) is substituted by

G+ 70 =0 (17)

which follows immediately from (15) for admissible rates. Indeed, in the case (d, y) € Tk and (&, o) €
Nk from (14) it follows that V'=71"=0. Condition (17) states that the direction of plastic flow is
orthogonal to the rates (4, 7). Note that the rate formulation has the same structure as perfect unilateral
contact relations.

If g is differentiable at a point (o,y) € bdK, i.e. such that g(c,y)=0, an explicit representation of Ty is
obtained:

TP = {600, 1(0):8(0, 6, 1. ) <0, g(o, 1) = 0}
with g given by
&0, 6, 1. EVog(0, )6+ V,8(0, 1)
so that
Vi 8. 1) = Vie, &0, 7).
The flow rule (11) becomes:
(&, &p) € N1 = 9 ind R_[g(6, 7)198(6, 1) = 2.08(d, 1) = AV(s, p&(a, x) if g=0
(ép, 0p) = (0,0) if g <O.
This is equivalent to the Kuhn—Tucker conditions:
=0 ifg<0, g=0

2>0 if §=0, g=0

2¢ =0 (18)
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Conditions (18,7) fully define the flow rule equations.
In the case of a corner point Kuhn—Tucker relations (18) hold for each yield surface:

4i>0, g<0, 4 =0

where g,=0, i = 1, ..., n. Since convexity rules out the possibility of having an identical normal to two
different yield surfaces, it follows that

ngO, i=1a"'7n7 l#]a g/=0

so that only the j-th plastic mechanism will be activated.

2.5. Some forms of tangent elastic and hardening potentials

In this section we will state some forms of the free energy potential that will be used in the
applications.

2.5.1. The elastic tangent potential
For the linear elastic potential ¢(e.) Eq. (8) yields:

) ..
P'(Bes &) = 5 Ebele
where E is the elastic tensor of the material, and the complementary elastic tangent potential is

) 1. . 1 ..
o' (0, 6) = sup |:c'rae — —Eaeae] = —E '50.
&€D 2 2

2.5.2. The hardening tangent potential

Isotropic, kinematic and mixed hardening are considered.

Let o and o, be the internal variables, associated with kinematic and isotropic hardening,
respectively, and y; and y, the dual thermodynamic forces. The yield function is written as:

g, ) =flo—y)—(k+y) keR*

where y; is the back-stress tensor and y, is a scalar.
In particular for the Von Mises elastic domain, the yield function is given by the expression:

3
glo, y) = \ §J2(U =) = (k+ 1)

where Jzztr[dev(a—;(l)]2 and k = /3/2Jy = 0y, Jy, being the second invariant of the deviatoric part of
the stress tensor in the uniaxial case and o, the tensile resistance of the material. In a plain stress state
we have:

2
J2 = 5[(0.’( - Xlx)2 + (O'y - le)z - (O-X - Xlx)(o-y - le) + 3(‘[.\”}’ - Xlxy)z]'
An additive form is adopted for the hardening potential

TC(O(S) = nl(ael) + 7[2(0652)
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and for each term the following expression is used (Simo and Taylor, 1985):
1 Ll
(o) = EHOCefxe + Coo| llotell + Ee Mite Coos 1 > 0.

The first term describes a linear hardening with modulus H; the second introduces a transitory non
linear hardening with initial modulus c...
From constitutive Egs. (2) the internal forces are given by:
Coo,

2= Vo, m = Hyoe, + m(l — e Ml H)Oﬁe]
€1

=V

U,

T, = Hzotez + C;)oz (1 _ e*’lz|0€ez‘)(xez' (19)

|62|

The y—a., relation is shown in Fig. 3.
The tangent hardening modulus is

1
H, = Vie%n(“e) =H+ Coo 5 [nenllacll - (1 - erlllacll)]ae ® e + Coo e Mol (20)
lloce I lloce | lloce |

which, in the isotropic case, becomes:
H, = H + cooe %l

The potential =’ '(y, ) is
’t . 1 -1 oy
m0e 0 = 5H 0

where H{'(y) is the inverse tangent hardening modulus. In the case of linear hardening the function
H{'(y) is immediate, e.g. in the isotropic case it is H,=EE,/(E—E,)=constant; otherwise it can be
obtained numerically as follows. First it is solved (19) w.r.t. «. The solution is inserted in (20) and the
inverse tangent hardening modulus is evaluated as:

H ' =[V], TI(x)]™".

v

e, €2

Fig. 3. Relation between y,—a, for isotropic non linear hardening.
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3. Variational formulation

3.1. Rate formulation

The rate form of the state equations for the structural problem under investigation obtained in section
2 is summarised as follows:

compatibility {Cu =¢

equilibium  {C'6 = f

s aée (/)t(gea ée)
}.f € adeﬂ:t(aea de)

(¢, 3p) € 3[ind T'C V(5, 7) @1
fe ')

constitutive equations

under the hypothesis of additive decomposition for kinematic variables:

E=¢é+¢

0 = o + arp.
It has been assumed that the rate of external forces can be obtained through a local tangent potential
y'(u), which is concave in the case of convex boundary conditions.

The state Eqgs. (21) are the stationarity conditions of the mixed functional (Romano and Alfano,
1995)

Qi [, éey by Ges bpy &, 7)(City &) + T ) = (1) — (6, ée) — (6, &p) — (I Ge) — (> Sp)

+ D' (ee, &) + MM (cte, Ge) + J supp T'\0 “(ép, &) dB
B

where the global potentials ®' (e, &), I1'(a, &) are defined as follows:
th(sea ée) = J Qot(gea ée) dB
B

M, 60) = | 7 0 dB
B
and the global displacement rate potential I"'(7) is:

(i) = J bii dB—i-J qu ds — J indW ds
B 3B, 3B,

with

W={uii—i=0 on 0B,
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Its dual potential is obtained through a Legendre transformation:

I'Y(f) = inf{(f, i) — T'()} = inf J b'adBJrJ quds+J r'ads—J bu dB
u uelU B 3B, 9B, B

uelU

—J g ds+J ind Wds! = mf” il ds+J ind st} =J Fii ds = (Fil)yp, - (22)
3B, 3By 3By 3By 3By

The functional Q is convex w.r.t. (&, &p, &, ¢p), concave w.r.t. £ and linear w.r.t. (iz, 6, %). The solution
of the structural problem is characterised as:

_inf  sup stat Q(u, f, &, &p, G, Op, O, }).
(Ee» &p» Olo» Op) Fo e

A 3-field functional, that generalises Hu—Washizu’s principle, is obtained after an optimisation w.r.t. (f
&p, &p). By applying definitions (22, 5) we obtain:

Quw (i, 6, 1, te, 0) = (Cit, 6) — T'(1) — (6, &) — (1 ) + D' (ees &) + IT' (0%, Be)
—J ind 7\ (5, 7) dB
B
convex in (u, &, o), concave in (g, y).

A further optimisation w.r.t. the kinematic variables (&, d&), after applying Legendre transformations,
leads to a generalised form of the Hellinger—Reissner functional for inelastic rate problems:

Qr(u, 6, ) = (Cui, 6) — T'(w) — @' (o, 6) — 1" (1, ) — J ind ng’ (6, y) dB
B

where @' Y(a, 6)ell’ '(y, y) are conjugate potentials. Qg is concave in (¢, y) and convex in .
The generalised forms of the Prager—Hodge and Greenberg functionals are obtained after
optimisation with respect to u or (a, }). Since

sup{(Cit, &) — T'(i)} = sup{(Cit, 6) — (f, i) + {f, &) — T'(@)} = T"(f(6))

u

subject to

(Ci, 6) — {f, 1) =0
the Prager—Hodge functional becomes:

Qu(6, 7) = —®' (0, 6) — 1" (1, 7) + (F, ) — L ind 7Y (¢, 7) dB
subject to equilibrium conditions

(C'6,uy=(f,u) YueU in BUJB,

The relevant structural problem in terms of rates of stress and thermodynamic force can be formulated
as follows:
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sup Q. 7)) O =1{(6, ):(C 6, u) = {f,u) VieU). (23)

(6, D@
For the Greenberg functional the following form is obtained:
Qi) = OP(Cit) — T' (1)
where
OP(i) = sup[(Cit, 6) — D (g, &) — " (1, 7) — J ind T\ ”(6, 7) dB). (24)
(@, % B
This functional, convex in #, is the starting point for classical displacement methods. It can be proved

that the optimality condition of (24) leads to the generalised return mapping algorithm.

3.2. Formulations involving actual values of the variables

The variational principles of the previous section can be reformulated in terms of actual values of the
variables, rather than their rates. This formulation allows the total compatibility and equilibrium
conditions to be satisfied in the final state, reducing in principle the approximation errors. However, it is
necessary to approximate the flow rule that involves deformation rates.

Introducing a fully implicit integration scheme for the kinematic variables, one has

Agy = gp(t + A1) — &p, = &p(1 + ADAL

Aoy = o (1 + At) — oy, = 0p(2 + AD)At

e, and o, being their values at the end of the previous step. The finite increment form of the
constitutive relations is:

Ag, A
<A_&tp, A_“[p> € 3 indK(a(1), z(t)) = N(a(1), 1(1)). 2

Since Nk is a concave cone and At >0 (25) can be reformulated as:
(Agp, Aoy) € 9 ind K(a (1), x(1)) = Nx(o(2), x(1))
and the finite step problem is ruled by the functional:

Qu, f, ee, &ps de, Up, 0, 1) = (Cut, 0) + T'(f) = (fs u) — (0, &) — (0, &) + (0, &y,) + — (1, %)
— (s %) + {1 ) + Deee, &) + I(ate, ) + supp K(ep — &p,, %p — ofp, )
The whole family of variational functionals described in section 3.1 can be consistently derived. For

instance, the generalised finite increment forms of the Hellinger—Reissner and Prager—Hodge functionals
are:

Qr(u, 0, y) = (Cu, 6) + (0, &) + (4 #p,) — T'(w) — D'(0) — IT'(y) — J ind K(a, 3) dB
B

Qc(0, 1) = (0, &) + (1, o) =" (@) —II' (N +T'(f) — JB ind K(o, ) dB
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subject to equilibrium conditions

(Clo,iiy=(f,@) VieU in BU?B,.

3.3. Incremental formulations

A finite increment formulation will now be derived from the rate form of the Hellinger—Reissner
functional in section 3.1, which will be the starting point for the numerical algorithm illustrated in
section 4.

The solution of the elastoplastic problem can be achieved if a subdivision of the load history into n
finite increments, corresponding to the instants ¢y, #;, ..., f,, is introduced. All variable rates are
substituted with finite increments in the step. At the time 7+ Az the values of (a,y) are given by:

t+At t+At

a(t) de;  y(t+ Ar) = x(1) +J 7(0) dt.

t

a(t+ At) = o(t) + J

A similar formula can be introduced for the displacement u. For each variable the following integration
rule can be used:

o(t+ A =o()+[(1 = P)o(t), + Po(t+ Ar)_JAt 0<p<1.
If p=1 the fully implicit integration scheme is obtained (note that in (26) the left derivative appears):
a(t+ At) = a(t) + 6(t + At)_At = o(t) + Aa(t + Av). (26)

This method ensures that the compatibility conditions are satisfied at the end of the step and it will be
used in what follows.
The increment of plastic deformations is given by:

+ALT
L[5 ]
Aa, , Op
The plastic rates are evaluated using the flow rule (11) that contains the right derivative of the stresses,

which is not known at time ¢+ A¢ (see Eq. (26)).
Therefore a relaxed form of the flow rule is adopted, employing inclusion (12):

t+At t+At

Nk(o, ) dt = J Adg(o, y) dt. (27)

t

AF t+At .
[A;’ ] € J 9ind T\" (64, 7,) dr J
P

t 1

The integration has to be carried out along an admissible path. Hypothesis (26) requires that this
integration be performed along a secant path from the point at time ¢ to the point at time ¢+ Af. From
the convexity of K it follows that the stress path is non external to K and the integral in (27) is non zero
only at the end of the interval, except for the special case of a flat boundary (see Fig. 4).

The result is therefore:

[ﬁgp } € 23g(c + Aa, 1 + Ay). (28)
%p

Formula (28) is equivalent to stating that
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Fig. 4. Admissible paths in a finite step.

Ae i (14 Ar)
[A;; ] = [df;(z +AY) ]AZ (29)

which is in agreement with the implicit scheme adopted. Note that in (29) the scalar factor Ar is
immaterial, since N is a cone.
In conclusion the incremental form of the functionals Qr and Q. is:

Or(Au, Ac, Ay) = (CAu, Ac) — T '(Au) — @' '(Ac) — 1" '(Ay) — J ind K(o + Ao, y + Ay) dB (30)
B

Q.(Ac, Ay) = -0 '(Ac) — 1" '(Ay) + (Ar, Au) — J ind K(¢ + Ao, x +Ay) dB
B

subject to
(C'Ac — Af, Auy =0 GD
where the tangent potentials are evaluated as:

1 1

' (Ag) = 3 (V'®(o(t + A)Ac, Ac) = 3 (E(a(t + A)Ac, Ad)

o

1

—_—

(A =

o

(VIT'(r(t + At)Ay, Ay) = 5 (Hi(x(t + An)Ay, Ay).

3.4. Regularisation

In section 2 it was pointed out that the constitutive equations take the form of perfect unilateral
conditions. For these classes of problems Augmented Lagrangian Regularisation (A.L.R.) has been
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successfully introduced and it has several computational and analytical advantages (see, e.g. Glowinski
and Le Tallec, 1989).

First, by using an A.L. formulation one has a faster convergence rate than by using normal
Lagrangian functionals (Cuomo et al., 1997). More importantly, A.L.R. becomes especially effective
when the elastic deformations are much smaller than the inelastic ones, so they do not introduce enough
smoothing on the problem, or when non-convex functionals are involved, as could be the case with
softening. Below it will be shown that the use of A.L.R. leads to effective computational schemes that
could achieve a substantial reduction in computational effort w.r.t. the usual Lagrangian methods.

The functional (31) is made differentiable through the Augmented Lagrangian Regularisation:

) 1 1 _ _
ind K(6 + Aa, x+ Ay) = sup{iug2 + ig} = sgp{z/,tg2 + )Lg} (32)

4=0

A being the Lagrangian plastic multiplier, u a positive constant penalty parameter and

O
g= max(g, —— ).
u

The function g converts the inequality constraint g(c + Ao, y+Ay) < 0 into an equality one g(o+ Ag,
1+ Ayx)=0, removing the sign restriction on the Lagrangian multiplier and preserving the functional
continuity in the neighbourhood of the solution (Bertsekas, 1982).

Problem (23) thus turns into a saddle point problem:

sup ian?L(Aa, Ay, A)
(Ao, Aped *

A

0 ={(As, Ay):C'Ac = Af'}

where Q2Y(Aa, Ay, 1) is the following differentiable functional:

E'Ac, Ac) — l<H;1AX, Ay) + (Ar(Ad), Adl)

(Ao, Az, ) = — 5

oA

1 _ _
—J {E,ugz(a—i-Aa, 1+ Ay) + Ag(o + Ao, ;{—}-A;{)} dB.
B

According to (28) the increments of the plastic deformations and internal variables are given by the
following expressions:

1 i} .
Agy =V, <§ug2 + i*g) = (ug + 2")Veg = 2*Vog

1, o, \ .
Axy, = V;((zugz + g) =(ug+ Vg =4"V,g

where A" is the value of the plastic multiplier at solution and the terms ugV,g and ugV,g vanish since
the constraint is satisfied (g = g = 0).
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4. Discrete structural problem
4.1. Discretised variational formulation

A discretisation into n. finite elements B, is introduced. The increments of the stresses,
thermodynamic forces and displacements are thus given by

Ao =N,As, Ay=N,Ac, Au=N,Ad, Ai=N;Ad

N,, N,, N,,, N being suitable shape function matrices.

It is noticed that a necessary condition for the existence of a solution to the equilibrium equations is
that the dimension of the nodal stress space be greater than that of the nodal displacement space
(Zienkievicz and Taylor, 1989).

The discretised form of the Hellinger—Reissner functional, given by Eq. (30), is:

- - 1
Qr(Ad, Ad, As, Ac) = J CN,Ad - N,As dB +J CNgAd - N,As ds — EJ E'N,As-N,As dB
B

9B, B

- J AbN,Ad dB + —J AgN,Ad ds — J ArNzAd ds + —J H'N,Ac-N,Ac dB (33)
B B

9B, 3B,

1
— J Eug%s + As, ¢ + Ac) + 2g(s + As, ¢ + Ac) dB
B

where Ad are the displacements of the nodes belonging to the constrained part of the boundary.
The variation of this functional w.r.t. Ad and Ad gives the discretised equilibrium equations:

CAs=Ab+Aq=Ap in BUIB,

QAs=Ar on 0B,

The equilibrium operators C and Q are defined as:

czj (CNW'N, dB; sz (CNo)'N, ds
B dBy

and Ap and Ar are the nodal vectors of the external forces and the reactions, defined as:

Ap = Ab+ Aq = J NIAb dB+J NTAq ds
B 3By

Ar = J NEA}‘ ds.
3B,

The discretised form of the functional Q.(Aa, Ay), given by Eq. (31), is:
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1 1 .
Q.(As, Ac) = _EJ NTE "'N,AsAs dB — EJ NJH ['N,AcAc dB + J ArNzAd ds
B B 9B,

- J ind K(s + As, ¢ + Ac) dB (34)
B

subject to the equilibrium conditions in the inside and on the boundary.
Introducing the tangent flexibility and hardening matrices

F= J N'E7'N,dB; G= J NJH'N, dB
B B
the functional (34) is written in compact form:

1 1 -
Q.(As, Ac) = —EFASAS — EGAcAc + QAsAd — J ind K(s + As, ¢ + Ac) dB
B

AseY Y={As:CAs=Ap in BUIB;, QAs=Ar on 9B} (35)

Y being the set of nodal stresses satisfying the equilibrium equations in the weak sense.

The equilibrium constraint for the functional Q. can be removed through a reduction of the variables
As to the self-equilibrated stresses Asg. By re-arranging the columns of the matrix C, the following
partition can be obtained:

C=[Cy Ci]

where C) is square and non singular. If the same decomposition is carried out on As, the equilibrium
equations in BU 0B, can be written as

ASO o
€ e a2 | =ap

where As; is a vector of nodal stress increments equilibrating the external load increments.
As C; is non singular, the following expression for As; is obtained:

As; = —C7'CoAsy + C;'Ap = —CoAsy + Ap. (36)
In the numerical implementation C, and Ap are obtained directly by means of a Gauss reduction of the

matrix C and of the vector Ap such that C,=1.
Introducing the reduced stress increments in (35)

- ASO o I 0 o
As = |:Asl]_ [_CO]ASO+[AI~):| = RAsy + Av

the functional Q.(4s, Ac) becomes:
1 1 - 1 -
Q.(Asy, Ac) = —ERTFRASOASU — EGAcAc — RTFAvAs + RTQtAdASO + —EFAVAV + QAvAd

— J ind K(sg + Asg, ¢ + Ac) dB. (37)
B

The indicator function in formula (37) is regularised according to the Augmented Lagrangian scheme of
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Eq. (32), that needs to be better specified. It derives from the duality pairing (ug+4, g) where,
elementwise, g € 49, A € ¢'. Therefore the multipliers 4 are measures and the integral in (37) has to be
understood in the distribution sense. It is numerically evaluated assuming a Dirac distribution for the
multipliers with singularity at prescribed points, which play the role of check points for the plasticity
constraints:

Ne  Mepe i

B} B} 1 )
Mg+, 2 = ZZ[Eugz(so + Asg, ¢ + Ac) + A3(so + Aso, ¢ + Ac)} (38)

i=1 j=1 J

where the sum is made on the 7, check points of the element. Note the absence in (38) of the Jacobian
term.
The Gauss points of the elements were used as check points. The choice of the check points affects
the convergence of the discretised solution, but this aspect is not addressed in the present paper.
Therefore, the functional Q.(As,, Ac), eliminating unessential constant terms and after a sign reversal,
becomes:

1

QA (As, Ac, 1) =
c 2

1 -
RTFRAs(As + EGAcAc + RTFAvAs) — —RTQTAdAs,
Rep

1 -
+ Z[Eug2(s<) + Aso, ¢ + Ac) + 4g(so + Aso, ¢ + AC)} 39)
j=1

J

nep being the total number of check points in B. The solution of the structural problem is given by:

min max Q2"(Asy, Ac, 2). (40)
(AS“, AC) A

4.2. Displacement calculation

The variation w.r.t. AS of the discretised form of the Hellinger—Reissner functional (33) yields the
kinematic compatibility equation:

Tlep
C"Ad = FAs — Q"Ad + ) [NI(ug + A2")V,g], (41)
j=1

which means that the total deformation vector CTAd is obtained as the sum of the elastic and plastic
parts minus Q'Ad, i.e. the deformations due to the imposed boundary displacements.
Defining the deformation vectors as:

Ae=Ae.+ Ae,,  Aec=FAs, Ae, = Y [NI(ug + )V,g),
Jj=1

and introducing the decomposition of matrix C shown in 4.1, relation (41) can be written as:

~T T
C _ | Aeo Q) A3
(- [22]- [ ] w

where
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n, T
Ae() = FOO FO] ASO . leo — * -
|:Ae1 i| B |:F10 Fi1 || Asy + Z NT (ug + A5)Vsg. 3)

J=1 a1

It should be pointed out that Q. and Q; are the matrices that derive from rearrangement of the
columns of the boundary equilibrium operator Q. In fact the Gauss reduction performed on the rows of
C to obtain the partition C=[C, I] does not apply on Q or Ar.

The second equation of (42) allows the displacements of the unconstrained nodes to be evaluated in
the form:

Ad = Ae; — Q\Ad. (44)

The first equation in (42) is an identity since it is the Euler—Lagrange equation of the functional
Q2 (Asy, Ac, 1) (Eq. (39)). Indeed, by substituting Ad as given by (44) into the first equation in (42) one
has:

CyAe; — CyQTAd — Aey + QTAd = 0. (45)

Introducing the expressions of Aey and Ae; given by Egs. (43) into (45) and using (36) we obtain:

Nep
R'FRAs) + R"FAv — RTQ"Ad + ) [R'N](ug” + /2)V,g); = Vay, Q" =0

J=1

which is the expression of the gradient w.r.t. As, of the discretised functional Q2% (Eq. (39)): at the
solution it is equal to zero.

5. Iterative solution scheme

In this section we will describe the numerical procedure employed to obtain the solution of the
incremental problem (40). The procedure closely follows the one described in Cuomo and Ventura
(1998) and is a particularisation to the problem at hand of the method described in Bertsekas (1982) and
Fletcher (1987).

The solution is obtained in two steps, iterating independently on the direct and dual variable sets,
given, respectively, by the stress and thermodynamic force increments and by the plastic multipliers.
Optimisation w.r.t. a set of variables is achieved keeping the values of the variables of the other set
fixed. As the constrained function is convex on the whole direct variable space, the generalised
complementary energy functional Q.(Asy, Ac) is also convex; moreover, as p > 0 and the Lagrangian
multipliers are non negative by the Kuhn and Tucker conditions, the Augmented Lagrangian functional
Q2 (Asy, Ac, 1), Eq. (39), is also convex w.r.t. (Asy, Ac) for any penalty parameter value (Bertsekas,
1982) and concave w.r.t. A.

In the numerical implementation the non-negativity of the Lagrangian multipliers is guaranteed if the
procedure is initialised at each stage by a Lagrangian multiplier update. Subsequently, the optimal
values of the direct variables are sought with a classical Newton iteration scheme, usually using the
following elastic solution as the trial value:

Asy = (RTFR)'RT[Q'Ad — FAv]; Ac =0.

The refinement of the solution Ax = (As,, Ac) at the next step
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2 AL\—1 AL
Axpey1 = Axp — (Vagax 2 i (Vaxd )

requires evaluation of the Hessian of the Augmented Lagrangian functional.

The Lagrangian multipliers are updated keeping the value of the direct variables fixed. Several
multiplier update formulas can be used, depending on the iterative scheme adopted for the dual
problem. First- or second-order formulas have been proposed, according to whether a steepest ascent
optimisation or a Newton-like technique is applied. A deeper examination of these alternatives, as well
as of the numerical iterative schemes and their physical meaning is to be found in Cuomo et al. (1998).
In the present paper the first-order Hestenes—Powell update formula (Hestenes, 1969; Powell, 1969) will
be used:

AT =20+ AL A= pg(so + As, € + Ac')

where j denotes the j-th check point.

The direct and dual optimisations are performed sequentially until the constraints are met. This is
achieved when an appropriate norm of the indicator function of the domain K is reduced to zero. It has
been found that good convergence is achieved using the control:

|
(Eug +/1g)

where y is a fixed tolerance.

max

<7
J=1, ngy ;

J

6. Numerical tests

The algorithm described in the previous sections was implemented in an original code. Linear and
non linear isotropic and kinematic hardening models were used in various combinations.

The computational efficiency of the algorithm was verified with reference to the classical example of
the Cook membrane, the results of which are widely known in literature (Simo et al., 1989; Weissman
and Jamjian, 1993). The geometrical and mechanical characteristics are given in Fig. 5.

The beam is clamped at one end and is acted upon by a permanent gp.,=0.0625 KN/mm and a
variable pg...=p0.0625 KN/mm tangential load distributed over the free end; p is a scalar in the range
p €[0.1, 0.8]. The analysis was performed in plane-stress J, plasticity with isotropic, kinematic and mixed
hardening and in perfect plasticity. The following material properties were used:

Young’s modulus £ = 70 KN/mm?;

Poisson’s ratio v=1/3;

uniaxial tensile yield stress oo=0.243 KN/mm?;

linear isotropic hardening modulus His, =0.2 KN/mm?;

linear kinematic hardening modulus Hy;,=0.015 KN/mmz;

non linear isotropic hardening modulus H;,, =0.135 KN/mm?;

mixed linear hardening moduli Hi,=0.135 KN/mm?, Hy;,=0.015 KN/mm?.

The membrane was discretised into an equal number of elements in the horizontal and vertical
directions. 4-node bilinear elements with one control point for plastic admissibility at their centre and 8-
node serendipity elements with four control points were used; the number of elements per side ranged
from 2 to 20.

The permanent load, equivalent to a resultant force of 1.0 KN, corresponds to an elastic state.
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Fig. 5. Tapered beam: geometrical and mechanical characteristics.

Successively, the load is increased with step of p=0.1 up to a final value of F=F,e¢;+ pFoec=1.8 KN.
When p=0.2 yielding first occurs at the bottom right-hand corner. Whit p =0.8 the beam is almost fully

plasticised except for a diagonal axis, as shown in Fig. 6. The relevant deformed shape is illustrated in
Fig. 7.

Yield Function g -1376.78880

0.00000

Fig. 6. Tapered beam: Yield function for F = 1.8.
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Fig. 7. Tapered beam: Deformed geometry for F = 1.8 (amplitude factor 5).

Figs. 8(a) and (b) present the convergence of the vertical displacement of the top right-hand corner
versus the number of elements per side at the fixed load level F = 1.8 KN for linear isotropic and mixed
hardening. In Fig. 8(a) the results of the present formulation are compared with the converged solution
and other algorithms: a classical displacement formulation with 4-node bilinear elements, a mixed
formulation with 4-node elements (both implemented by means of the FEAP code (Taylor, 1998)) and
the mixed formulation of Simo et al. (1989), which uses the interpolation functions of Pian and
Sumihara (1984) for the stresses. The present stress formulation exhibits better convergence than the
displacement method, reaching the same accuracy with a considerably smaller number of elements. For
example, the stress formulation solution with 100 4-node elements and the displacement one with 1024
elements have approximately the same accuracy. Moreover, the performance of the algorithm at
convergence is comparable with that of Simo’s complementary formulation when 4-node elements are
used and much better with 8-node elements.

In Fig. 9 the load-displacement curve is given for 25 and 64 element discretisations and for various
values of the isotropic hardening ratio E/E,. It can be observed that no modification in the algorithm is
needed to treat the perfect plastic case (£,=0.0).

In order to highlight the performance of the procedure, Figs. 10 and 11 present the results for the
same membrane in the case of perfect plasticity. They are compared with those of the displacement and
mixed methods. Fig. 10 shows, for a load level of F = 1.4 KN, that the convergence of the present
formulation is much faster than that of the competing methods.

Figs. 12 and 13 refer to the behaviour of the beam for cyclic imposed vertical displacement of the top
corner —1.6 < v < 1.6 mm and for a cyclic load with —1.6 < F < 1.6 KN. Isotropic hardening is
assumed. In the non linear case the hardening exponent #=0.1 was used.

Cycles of increasing load values were considered in Figs. 14 and 15, showing the different response for
linear kinematic hardening and for mixed hardening.
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Fig. 8. (a) Tapered beam: Convergence for the proposed stress formulation compared with other models. Linear isotropic harden-
ing. Hiso=0.2 KN/mm?. (b) Tapered beam: Convergence for the proposed stress formulation and the displacement model. Mixed
hardening. H;s, =0.135 KN/mmz, Hyin=0.015 KN/mmz.
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Fig. 9. Tapered beam (25 and 64 elements): Displacement-load curves for various isotropic hardening ratios.
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Fig. 10. Tapered beam: Convergence for the proposed stress formulation and other models. Perfect plasticity.
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Fig. 11. Tapered beam (64 elements): Displacement-load curves for perfect plasticity.
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Fig. 12. Top corner nodal vertical force for cyclic imposed displacement. Linear isotropic hardening. Hi=0.2 KN/mm?.
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Fig. 13. Top corner vertical displacement for cyclic load conditions. Non linear isotropic hardening. Hi,,=0.135 KN/mm?>.
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Fig. 14. Top corner vertical displacement for cyclic load conditions. Linear kinematic hardening. Hyg,=0.015 KN/mm?.
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Fig. 15. Top corner vertical displacement for cyclic load conditions. Mixed hardening. His,=0.135 KN/mmz, Hyin=0.015
KN/mm?.

7. Conclusions

The constitutive laws of elasto-plasticity with internal variables have been revisited through the tools
of convex analysis and generalised potentials. According to the generalised standard material hypothesis
of Halphen and Nguyen, for reversible behaviour the Helmoltz specific free energy functional has been
assumed as the sum of two lower semicontinuous convex potentials while a dissipation functional
defines the irreversible phase. The conjugate functionals in the rates of static variables have been
derived, analysing particular hardening models.

The rate forms of the generalised Hu—Washizu, Hellinger—Reissner, Prager—Hodge and Greenberg
functionals for inelastic problems and some finite-step formulations have been derived, focusing on a
complementary energy formulation that is especially useful in particular structural problems such as
those where the displacement field is undetermined. It is also convenient because the admissibility
constraint for the internal stress state is directly imposed on the primary variables. The functional,
defined over the sets of the thermodynamic forces and stress rates, turns out to be convex, lower
semicontinuous, non-smooth and non-differentiable due to the presence of the indicator function for the
plastically admissible stress states. This has been regularised through the introduction of the Augmented
Lagrangian term.

In the numerical solution the discretised problem has been reformulated in a finite-step form using a
fully implicit integration scheme, and the functional has been redefined in the space of the self-
equilibrated nodal stress increments, automatically satisfying the equilibrium equations in the weak form
and consistently reducing the number of variables. The solution is obtained by iterating independently
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on the direct variables with a classical Newton iteration scheme and updating the dual variables through
the first-order Hestenes—Powell formula.

The results of numerical experiments on the classical example of the Cook membrane have shown
that the algorithm performs better than classical displacement and mixed methods. It is also equally
applicable to perfect or hardening plasticity.

Several issues have arisen from numerical tests, like the necessity of a reduced number of control
points in the elements to avoid lack of convergence. Similarly, the Lagrangian term should be correctly
integrated in the distribution sense.

The numerical efficiency of the method is, however, limited by the reduction strategy adopted to
obtain the self-equilibrated stresses, which leads to sparse matrices. The analysis of tactics to improve
the computational efficiency will be the subject of a subsequent paper.
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